Abstract
Introduction
The Schnirelman theorem states that if a quantum system has an ergodic classical limit, then "most" of its eigenfunctions equidistribute (on the energy surface) in phase space in the semiclassical limit. This result has been proven in many different contexts: for the Laplace-Beltrami operator on compact Riemannian manifolds with an ergodic geodesic flow in [Sc] , [Z1] , and [C] ; for ergodic billiards in [GL] and [ZZ] ; for nonrelativistic quantum mechanics in the classical limit in [HMR] ; and for quantum maps in [BoD] and [Z2] . A precise statement in the latter context is given below (Theorem 1.3).
The Schnirelman theorem raises an obvious question: Do there exist exceptional sequences of eigenfunctions allowing no semiclassical limiting measure or a limit different from Liouville measure? It is well known that the limit must in that case be an invariant probability measure of the dynamics. Clearly, one would like to better characterize the class of invariant measures that are obtained as limit measures from sequences of eigenfunctions. Particularly simple candidates are delta measures concentrated on the periodic orbits of the dynamics and (finite) convex combinations thereof. Numerical and theoretical investigations for ergodic billiards and for quantum maps (see [B] , [H] ) suggest the possibility that there exist sequences of eigenfunctions concentrating to some degree on (unstable) periodic orbits. This imperfectly defined enhancement phenomenon is loosely referred to as "scarring." It is not clear from the available evidence whether some sequences of eigenfunctions may concentrate sufficiently strongly on one or more periodic orbits to lead to a limiting Dirac measure on those orbits; no such example is known to date, and many researchers in the field seem to think this should not be possible. In [C] , for example, it is conjectured that such sequences should not exist on constant negative curvature surfaces. Partial results in this direction have been obtained using number-theoretic methods for certain arithmetic hyperbolic surfaces in [RS] , [LS] , and [S4] (see [S1] , [S2] , [S3] for a review).
In this paper we analyze the above problem for a simpler class of models which has attracted much attention, namely, the quantized ergodic automorphisms of the 2d-torus. We prove here that for these models such sequences do not exist (Theorem 1.1).
We also obtain a stronger result that controls the pure point component of the limiting measures and thereby limits the class of limit measures (Theorem 1.2). Our proofs are based on an intuitively clear argument that combines the use of the exponential instability common to all ergodic toral automorphisms (whether they are Anosov or not) with the algebraic properties of those maps and some basic semiclassical analysis. They have a distinct dynamical flavour and work in all dimensions. To put our result in perspective, we review the previously known results for the case d = 1 below. In that case the ergodic automorphisms are all Anosov and are often referred to as "cat maps."
We now describe our results in detail. Unfamiliar concepts and notation are explained in Section 2. Let T 2d = R 2d /Z 2d be the d-dimensional torus, viewed as a symplectic manifold with the canonical two-form inherited from R 2d . Let A be a symplectic and ergodic toral automorphism; that is, let A be a symplectic (2d × 2d)-matrix with integer entries, none of whose eigenvalues are roots of unity. It is known that in that case at least one of its eigenvalues lies outside the unit circle, so that each rational point on the torus is an unstable periodic point for A. Given such a periodic orbit τ = {x 1 , x 2 , . . . , x T τ }, we define the delta measure
which is of course an A-invariant measure on T 2d . Given a finite or countably infinite family C = K i=1 τ i of periodic orbits, we also consider the measures
which are convex combinations of the previous ones. These are all A-invariant pure point measures. All invariant Radon measures are obtained by taking the weak closure of those (see [Ma] 
for some C and α. Then 0 ≤ β ≤ (1−β) 1/2 or, equivalently, β ≤ (
Here Op W ( f ) stands for the Weyl quantization of f . Since (1.2) is equivalent to the same statement with Weyl quantization replaced by anti-Wick quantization (Section 2), it is easy to see that (1.2) is equivalent to saying that the absolutely continuous measures µ N = h N (x) d x converge weakly to µ. Here h N is the Husimi function of ψ N (see Section 2 for a precise definition). The result can therefore be loosely rephrased as follows.
The mass of the pure point component of the limiting measure µ is less than two-thirds of the total mass.
In [RS] , a sequence ψ N is defined to scar strongly on C if (1.2) holds with ν given by Lebesgue measure. Theorem 1.2 does not rule out the possibility of strong scarring but limits the size of the scar. In fact, strong scarring does occur in the systems considered. Indeed, it is proven in [DFN] that, for d = 1, there exists a sequence N k → ∞, so that for each choice of C and α as above, with 0 < K < +∞, there exists a sequence of eigenfunctions ψ N k such that
This also shows that whereas the upper bound on β in the theorem is probably not optimal, one cannot do better than β ≤ 1/2. Theorems 1.1 and 1.2 can be seen as partial results on the characterization of the measures obtained in the semiclassical limit from the eigenfunctions of quantized ergodic symplectic automorphisms of T 2d . Such measures are sometimes called quantum limits. As such, these results are to be compared with previous ones for the two-torus available in the literature. Let us first recall the precise statement of the Schnirelman theorem for ergodic symplectic toral automorphisms (see [BoD] ).
basis of eigenfunctions of M(A). Then, for each N ∈ N, there exists a subset E(N
The strongest possible statement improving on this that one may a priori hope to prove the following:
(1.5) This is sometimes referred to (in what we feel is somewhat unfortunate terminology) as quantum unique ergodicity and-as already pointed out-has not been proven in any chaotic system. Of course, in view of (1.3), it is obviously not true in the present context of ergodic toral automorphisms. One nevertheless expects the sequences that satisfy (1.3) to be rather exceptional; there do indeed exist two results in the direction of (1.5), valid for a particular but rather large class of hyperbolic toral automorphisms in d = 1. The first one is the following. This obviously constitutes a strengthening of the Schnirelman theorem for the particular class of A considered. The basis for which the result holds is explicitly described in [KR1] . Note the difference between Theorem 1.4 and (1.5). Indeed, the eigenvalues of M(A) may be degenerate, so that it is possible that exceptional sequences of eigenfunctions not belonging to the above basis have a different semiclassical limit. This is all the more true since there exists a sequence N k for which the eigenspaces have a (N k / ln N k )-fold degeneracy (see [BD1] ). It is precisely this sequence of N that is used to construct the sequence of eigenfunctions in (1.3). Another result in the direction of (1.5) is the following. THEOREM 1.5 (see [KR2] ) If A ∈ SL(2, Z) is hyperbolic and a 11 a 12 ≡ 0 ≡ a 21 a 22 mod 2, then there exists a density one sequence of integers (N ) ∈N along which (1.5) holds. Theorem 1.5 states that quantum unique ergodicity holds along a subsequence of values of N . It is furthermore shown in [KR2] that, along this sequence, the degeneracies of the eigenspaces grow sufficiently slowly so that it is disjoint from the sequence N k mentioned above, as it should be in order not to contradict (1.3). It is therefore seen in both theorems that the obstacle to the validity of (1.5) for all N is the existence of growing degeneracies of the eigenspaces of M(A) for large N , as expected.
Our result in Theorem 1.2 is of a somewhat different nature from those in Theorems 1.4 and 1.5. For any A, d, or N , it restricts the candidate limit measures to those that have a "not too large" pure point component. In particular, it completely rules out the most "obvious" candidates, namely, pure point measures with discrete support. Our result therefore shows, in particular, that even the very high degeneracies of the sequence N k cannot be exploited to construct eigenfunctions that concentrate completely on unstable periodic orbits.
Quantum mechanics on the torus is usually studied only in the case d = 1. Different people have different reasons for imposing this restriction. First, when doing numerics, higher dimensions quickly pose practical problems of storage size and computation speed since the dimension of the Hilbert spaces grows as −d . Next, on the theoretical side, the Schnirelman theorem is obviously true in all dimensions d since it is proven with dimension-independent arguments exploiting only the ergodicity of the dynamics, so there is nothing to be gained from introducing the notational complications associated with the higher d problems. To prove sharper results, however, one needs to exploit finer properties of the classical maps. The proofs of Theorems 1.4 and 1.5 in [KR1] and [KR2] do this by exploiting detailed number-theoretic properties of a particular class of hyperbolic automorphisms of the two-torus and therefore do not carry over in any obvious way to higher dimensions or to general ergodic symplectic toral automorphisms. In order to stress that the sharpening of the Schnirelman theorem proven in this paper (Theorems 1.1, 1.2) exploits only the exponential instability shared by all ergodic automorphisms of the 2d-torus (even if they are not hyperbolic), as well as their algebraic structure, we have chosen in the following to consider the general case throughout.
The idea underlying the proofs of Theorems 1.1 and 1.2 can be explained on an intuitive level as follows. Suppose one has a sequence of normalized vectors ϕ N belonging to H N (θ) with the property that 
Such a statement can indeed be proven (see [BD2] for details) in the case d = 1 for all ergodic A, and in the case d > 1 for a large class of them, and it constitutes an improvement on the results of [BD1] . It is clear that this result implies Theorem 1.1 for these cases; indeed, taking ϕ N = ψ N , where the ψ N are eigenvectors of M(A), it is clear that the conclusion (1.7) contradicts the hypothesis (1.6). The arguments used in the proofs of this paper constitute a technically slightly more complicated development of the basic and intuitive ideas sketched above. The paper is organized as follows. In Section 2 we describe quantum mechanics on the 2d-torus and the quantization of symplectic toral automorphisms, following [BoD] . We are as brief as possible, referring to [BoD] , [BD1] , [D] , and references therein for further information and motivation. In Section 3 we recall some basic facts on ergodic symplectic automorphisms of the 2d-torus. Section 4 is devoted to the proof of Theorem 1.2.
Quantum mechanics on the 2d-torus
In this section we recall standard facts about quantum mechanics on the 2d-torus
= R 2d /Z 2d as well as the quantization of the symplectic toral automorphisms, which was first performed in [HB] . Further background and references, as well as proofs which are omitted here, can be found in [BD1] and [BoD] . We write indifferently x = (q, p) ∈ R 2d or x = (q, p) ∈ T 2d , where in the latter case q, p
, and let (q, p), (q , p ) = q · p − q · p be the symplectic form on R 2d . Let U (a) = exp −(i/(2 )) a, X , for a ∈ R 2d and X = (Q, P), be the usual representation of the Heisenberg group on L 2 (R d ), where
Let n = (n 1 , n 2 ) ∈ Z d × Z d and κ = (κ 2 , κ 1 ) ∈ R 2d /2π Z 2d , and let us define
and there is a unique Hilbert space structure such that U (n/N ) is unitary for each n ∈ Z 2d .
We do not introduce different notation for the restriction of U (n/N ) to H (κ) and, in particular, do not indicate its κ-dependence. If φ, ψ ∈ H (κ), we write φ|ψ H (κ) or simply φ|ψ for their inner product. We then define Weyl quantization of a C ∞ -function f (x) = n∈Z 2d f n e −i2π n,x as Op
Recall that the map
defines a surjection of the space of Schwartz functions
Let η x ∈ L 2 (R d ) denote the usual Gaussian Weyl-Heisenberg coherent state centered on x ∈ R 2d :
We then define coherent states on the torus as
We find it convenient to use the physicists' "bra-ket" notation and to write
In particular, we use the notation |x, κ x, κ| to designate the rank one operator associated to |x, κ . Coherent states on the torus satisfy the resolution of the identity
and permit us to define the anti-Wick quantization Op
For each ψ ∈ H (κ), we define its Wigner function as the distribution
and its Husimi function as
Anti-Wick and Weyl quantization satisfy for each f ∈ C ∞ (T 2d ) the estimate
Finally, let us come to the quantization of an ergodic symplectic toral automorphism defined by a matrix A ∈ Sp(d, Z). The metaplectic representation of Sp(d, R) [F] ); up to a phase, it is the unique operator that satisfies
The quantization of A ∈ Sp(d, Z) on the torus is then straightforward.
LEMMA 2.2
For each ergodic A ∈ Sp(d, Z) and each N ∈ N * , there exists at least one κ ∈
Proof By applying (2.7), one can see that there exists κ A ∈ R 2d /(2πZ) 2d such that, for each n ∈ Z 2d and ψ ∈ H (κ),
, and α * 12 α 22 = α * 22 α 12 . Consequently, a simple computation shows that
where
Since A is ergodic, 1 is not an eigenvalue of A and equation (2.8) admits at least one fixed point κ A = κ.
In the following we always assume that κ has been chosen as in Lemma 2.2, but we do not explicitly indicate the N or A dependence of κ. Similarly, we use the symbol M(A) to indicate the restriction of M(A) to H N (κ) for a suitable κ as above, without indicating its N or κ dependence. It follows easily from this construction that, for each f ∈ C ∞ (T 2d ),
In other words, quantization and evolution commute.
Ergodic automorphisms of the torus
We collect here some rather basic facts about ergodic automorphisms of the torus. Let A ∈ SL(2d, Z); then A defines an ergodic toral automorphism if and only if none of the eigenvalues of A are roots of unity (see [M] ). Ergodic toral automorphisms are automatically mixing as well (see [M] ). In addition, their eigenvalues cannot all lie on the unit circle: At least one of them has to have a modulus strictly bigger than 1. This is an immediate consequence of applying the Kronecker theorem (see [N, Theorem 2.1] ) to the characteristic polynomial of A. As a result, in the decomposition of R 2d into A-invariant subspaces (see [KH] , [L] ) given by
where E + (resp., E 0 , E − ) is the root space of A corresponding to eigenvalues of modulus strictly bigger than (resp., equal to, strictly smaller than) 1, we are sure that E − , E + are nontrivial. A matrix A is said to be hyperbolic if and only if E 0 = {0}. The corresponding dynamical system on T 2d is then Anosov. If E 0 = {0}, A is called quasi-hyperbolic in [L] . Clearly, when d = 1, all ergodic toral automorphisms are Anosov, but this is no longer true in higher dimension. We need the following result.
Proof
The first statement, namely, that E 0 ⊕ E − ∩ Z 2d = {0}, can be found in [K1] and [L] . The estimate is then a simple application of the Jordan normal form.
It should be noted that γ > 0, C ± > 0, and 0 ≤ k ≤ 2d − 2 depend on n in the above estimate. The lower bound above is an expression of the exponential instability common to all ergodic toral automorphisms and is the only information about them we need to prove Theorems 1.1 and 1.2.
Proof of Theorem 1.2
We need the following simple technical lemma. Proof This is a standard result in measure theory; we include the proof for completeness.
Let us introduce, for all > 0, 
Now let η ∈ C ∞ 0 (R 2d ) be a spherically symmetric positive function with support in the ball of radius 1, equal to 1 on the ball of radius 1/2, and such that η(x) d x = 1. We set η (x) = (1/ 2d )η(x/ ) and define χ ± (y)
This implies, in particular, that χ − ≤ χ B ≤ χ + , so that the positivity of anti-Wick quantization implies that Op
. Using (1.2) and (2.5), we then find
so that the result follows by taking → 0 and using (4.2).
Define, for any finite set of points C (not necessarily a set of periodic points of the dynamics) and for each a > 0,
We also introduce
provided C contains more than one point. Otherwise, we define δ C = 1/ √ 2. We recall that a Borel measure on T 2d is continuous if µ({x}) = 0 for all x ∈ T 2d . It is pure point if it is of the form
where a j ∈ C and x j ∈ T 2d . Any Borel measure can be decomposed in a unique manner as a sum of a continuous and a pure point measure.
We make use of the Wiener theorem in the following form. For n ∈ Z 2d , we write |n| = max i |n i |, and for any Borel measure µ on T 2d , we writeμ(n), n ∈ Z 2d , for its Fourier coefficients. The Wiener theorem then states that
We refer to [K2] for a proof, which consists essentially of a rather straightforward computation of the left-hand side. Finally, we recall that G is a density 0 ≤ a ≤ 1 subset of Z 2d if and only if
It is easy to check that the intersection of a density one subset with a density a subset is still a density a subset. We also use the following well-known property of Cesaro averages, which is proved readily with a diagonalization trick. If (b n ≥ 0) n∈Z 2d , then 
Since ν is a continuous measure, the Wiener theorem implies that
This implies immediately that there exists a density one subset G of Z 2d such that lim n→∞,n∈Gν
(4.5)
We first deal with the case where C is a finite set, meaning 0 < K < +∞ in (1.1). In that case, the set C is a finite collection of rational points on T 2d , and we call S the least common multiple of the denominators of those points. Then, for each n ∈ SZ 2d and for all x ∈ C , clearly χ n (x) ≡ exp 2πi n, x = 1, and consequently,
Hence, for such n,
Since SZ 2d is a positive density subset of Z 2d , it follows that SZ 2d ∩ G is positive density as well. As a result, given > 0, there exists n ∈ SZ 2d ∩ G depending on , so that |ν(n)| ≤ .
(4.7)
We then have, using, respectively, (2.9), (2.2), and (2.6),
where B a is defined in (4.3). Note that this inequality holds for each choice of t, N , a. Now choose M > 3 such that
where C ± , k, and γ are defined as in Lemma 3.1. We recall that they depend on n. We show below that then, for all a > 0, the following is true:
We introduce (4.11) it is then clear that
The important point here is that A (a, M) does not depend on N . Inequality (4.8) now yields, upon using a Schwarz inequality in the first term, Note that, given > 0, this inequality holds for n satisfying (4.7), for all a small enough (depending on n), and for all N . We now take the limsup for N to +∞, and we apply Lemma 4.1 in the right-hand side and (4.6) and (4.7) in the left-hand side to obtain
Finally, taking a to zero in this inequality, for and M fixed, the continuity of the measure ν yields β − (1 − β) ≤ (1 − β) 1/2 .
Since this holds for all , this is the desired result when µ C ,α has finite support. When the support of µ C ,α is infinite, meaning K = +∞ in equation (1.1), we proceed as follows. For any η > 0, there exists 0 < K η < +∞ such that
α j µ τ j + µ η with µ η (T 2d ) ≤ η.
Retracing the steps of the previous reasoning, one then readily finds, instead of (4.13), Taking now a to zero, then η, and then , the result follows. It remains to prove (4.10). From Lemma 3.1 we see that (4.10) is proven provided we show there exists, for each N ∈ N, N ≥ N a , a t N ∈ N such that
or, equivalently,
Introducing g(t) = t + (k/γ ) ln t for t ∈ N * , one sees that for all t ∈ N * , g(t + 1) − g(t) ≤ 1 + k/γ . Hence, to obtain (4.10) it is sufficient that
and that D − ≥ g(1), but this is guaranteed by condition (4.9) and the definition of N a in (4.10).
